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Abstract 

We prove two relative local variational principles of topological pressure func- 
tions P(T, JF, ZY, y) and P(T, JF, for a given factor map vr, an open cover 
hi and a subadditive sequence of real- valued continuous functions T. By prov- 
ing the upper semi-continuity and affinity of the entropy maps h{.j{T,U \ Y) 
and h'^y (T, U \Y) on the space of all invariant Borel probability measures, we 
show that the relative local pressure P(T, {■},U\Y) for subadditive potentials 
determines the local measure-theoretic conditional entropies. 
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1. Introduction 

Let {X, T) be a topological dynamical system (TDS for short) in the sense 
that A is a compact metric space and T : X — X is a surjective and 
continuous map, vr is a factor map between TDS (X, T) and (Y,S). The 
notion of topological pressure was introduced by Ruelle [23] for an expansive 
dynamical system and later by Walters [24] for general case. It is well-known 
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that there exists a basic relationship between the topological pressure and the 
relative measure-theoretic entropy. Ledrappier and Walters [18] formulated 
the following classical relative variational principle of pressure for each S- 
invariant measure uonY: 

sup {h^{T,X \Y)+ ! f{x)dfi{x) ■.nfi = u}= [ PiT, f,y)du{y), 
fieM{X,T) Jx Jy 

where A4{X,T) is the family of all T-invariant measures on X, / is a real- 
valued function, P(T, /, y) is the topological pressure on the compact subset 
7r~^y, and, for each fi e A4{X,T), h^{T,X \ Y) is the relative measure- 
theoretic entropy of /i. For the trivial system (1^, 5"), this is the standard 
variational principle presented by Walters [24]: 

sup {h,{T) + f = P(r, /). 

Me>!{^,T) Jx 

The topological pressure for nonadditive sequence of potentials has proved 
valuable tool in the study of multifractal formalism of dimension theory, es- 
pecially for nonconformal dynamical systems [1, 2, 11]. Falconer [11] first 
introduced the topological pressure for subadditive sequence of potentials 
on mixing repellers. He proved the variational principle for the topological 
pressure under some Lipschitz conditions and bounded distortion assump- 
tions on the subadditive potentials. Cao et al. [7] extended this notion to 
general compact dynamical systems, and obtained a subadditive version of 
variational principle without any additional assumption. More precisely, let 
= {fn '■ n E 'H} he a. subadditive sequence of functions on the TDS, and 
/i(J') = lim„_oo \ J fndfJ., then 

P(T,J^) = sup{/i^(T) +^(^) : /i e M{X,T),fi{J^) ^ oo}. 

Since Blanchard [3, 5] introduced the notion of entropy pairs, much atten- 
tion has been paid to the study of the local version of the variational principle. 
Huang et al. [17] introduced the notion of local pressure P(T, f,U), proved 
the local variational principle of pressure: 

P{T,f,U) = snp{h^{T,U)+ j^f{x)dfi{x) : /x G M{X,T)}, 

where h^{T,lA) is the measure-theoretic entropy relative to lA, established 
the upper semi-continuity and affinity of the entropy map hs^.yiT^U), and 
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showed that the local pressures determine local measure-theoretic entropies, 
i.e., for each /i G A4{X,T), 



(b) and if, in addition, (X, T) is invertible, then 

Zhang [29] introduced two notions of measure-theoretic pressure P^{T,U, JF) 
and P^(T,U,J-') for a sub-additive sequence J-" of a real- valued continuous 
functions on X, proved a local variational principle between topological and 
measure-theoretic pressure: 

P{T,TM)= max p-{T,J^,U)= max {hJT,U)+K^)}, 

and showed the upper semi-continuity of the entropy map h'^y{T,U). 

Huang et al. [16] introduced the topological conditional entropy h(T,U \ 
Y), two notions of measure-theoretic conditional entropy for covers, i.e., 
h^(T,U I Y) and h^iT.lA \ y), and showed that for a factor map vr and a 
given open cover W, the corresponding variational principles for conditional 
entropies hold: 

h{TM I Y) = ^^max^^{/i^(T,W | F)}, h{TM \ Y) = ^^max^^{/.+ (r, W | Y)}. 

Zhang [28] introduced the relative local topological entropy h{T,U,y) and 
obtained the following relative local variational principle of the conditional 
entropy: 

max{/i^(T,W \ Y) : fi E M{X,T) and nfi = i^} = J h{T,U,y)du{y). 

Ma et al. [19] and Yan et al. [26] independently introduced the relative 
local topological pressure P{T, f,U,y) for each y E Y. Using the method 
of proving the relative variational principle for topological pressure in [18] 
and the technique of establishing the conditional variational principle for the 
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fiber entropy in [9], respectively, they proved the relative local variational 
principle for each v G M.{Y,Sy. 

max {/i^(T,W|F)+ / : vr/x = z/} = / P{T, fM,y)du{y). 

ti£M{X,T) Jx Jy 

Yan et al. [26] also proved that the pressure function P{T, f,U, y) determine 
the local measure-theoretic conditional entropy: 

h^{TM\Y)=ini{f P{TJ,U,y)du{y)- [ fdfi: f eC{X,R)}, 
Jy Jx 

and obtained the relative local variational principle for the pressure P{T, /, 

PiTJM\Y)= max {h,iTM\Y)+ [ fdf^}. 

The purpose of this paper is to generalize all the results above to the case 
of the relative local topology pressure functions. In fact, we introduced the 
two relative local pressure functions P(T,J^,U,y) and P{T, !F,U\Y) for sub- 
additive sequence of potentials, and derive two corresponding relative local 
variational principles of pressure. Moreover, we establish the upper semi- 
continuity and affinity of the measure-theoretic conditional entropy maps 
h{.}(T,U I Y) and h'^,y(T,U \ Y), and prove that the relative local topo- 
logical pressure P{T, J^,l/(\Y) determines the measure-theoretic conditional 
entropies h^.j{T,U \ Y) and h^y{T,U \ Y). The methods we used is in the 
framework of the elegant proof of Huang et al. [16, 17] and Ledrappier et al. 
[18]. Our main results state as follows. 

Theorem 1. Let tt : {X,T) {Y, S) be a factor map between two TDS 
and U E Cx- Then the local measure-theoretic conditional entropy map 
(T, and h^.y{T,U\Y) are upper semi- continuous and ajjine on Ai{X,T) . 



h 



{•} 



Theorem 2. Let (X,T) be a TDS, e Sx andU eC^. Let n : (X,T) 
{Y, S) be a factor map between TDS, v G M.{Y,S^. Then 



sup {/i^(T,W|y)+M^):7r/i = z/}= / P(T,^, 

ii.<^M{x,T) Jy 



U.v)dv{y). 



Theorem 3. Let (X,T) be a TDS, T E Sx andU eC^. Let vr : (X,T) 
{Y, S) be a factor map between TDS. Then 

sup{h^{T,U I F) : fi G M{X,T)} = P{T,TM\Y). 
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Theorem 4. Let {X, T) he a TDS, T e Sx and ti : (X, T) (F, S) he a 

factor map hetween TDS. Then for given U and fi G Ai{X,T), 

h,{T,U\y) = mf{P(T,^,W|F) - /i(^) : ^ e 

Theorem 5. Let (X,T),(F,5) he mvertihle TDSs, T e Sx, it : (X,T) 
{Y, S) he a factor map hetween TDS. Then for given U E Cx and fi G 
M{X,T), 

/z+(T,W|y) <inf{P(T,J^,W|F)-/i(J^) :^g5x}. 

By Theorem 4 and Theorem 5, we immediately obtain the fohowing resuh. 

Corollary 6 ([16]). Let {X,T),{Y,S) he mvertihle TDSs, n : (X,T) ^ 
{Y, S) he a factor map hetween TDS. Then for given U E Cx and fi G 
M{X,T), 

h;{T,u\y) = K{T,u\y)- 

This paper is organized as follows. In Section 2, we introduce the relative 
local pressure functions P{T,J^,U,y) and P{T,J^,L(\Y) for subadditive se- 
quence of potentials and give some necessary lemmas. In Section 3, we recall 
some basic properties of the local measure-theoretic conditional entropies and 
prove the upper semi-continuity and affinity of the entropy maps /i|^|(T, 
and /i{.}(T, In Section 4, we state and prove the two relative local vari- 

ational principles for the topological pressure functions P{T, JF, U, y) and 
P {T , ,U\Y) , respectively. In section 5, using the results we obtained in the 
former sections, we prove that the pressure function P(T, J^^IA\Y) determines 
the local measure-theoretic conditional entropies. 

2. Relative local pressure functions for subadditive potentials 

Let (X, T) be a TDS and B{X) be the collection of all Borel subsets 
of X. Denote by M.{X) the set of all Borel, probability measures on X, 
7V1(X, T) the set of T-invariant measures, and J^^{X,T) the set of ergodic 
measures. Then A^^(X,T) C M{X,T) C and M{X),M{X,T) are 

convex, compact metric spaces endowed with the weak*-topology. Recall 
that a cover of X is a finite family of Borel subsets of X whose union is X, 
and, a partition of X is a cover of X whose elements are pairwise disjoint. 
We denote the set of covers, partitions, and open covers, of X, respectively. 
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by Cx, Vx, Cx, respectively. For given two covers W, V G Cx, W is said to 
be finer than V (denote by W ^ V) if each element of U is contained in some 
element of V. Let U W = {U nV : U E U,V e V}. Given integers M, 
with < M < and W G Cx or Vx, we denote U^^=\/^^j^T-''U. 

Let {X,T) and {Y,S) be two TDS. A continuous map tt : X ^ Y is 
called a factor map between (X, T) and {Y, S) if it is onto and vrT = Stt. In 
this case, we say that (X, T) is an extension of {Y, S) or (Y, S) is a factor of 
(X,T). 

Let vr : (X, T) — * (F, S*) be a factor map between TDS. Given U E Cx and 
K C X, put NiJA I JsT) = min{the cardinality of W : W C W, Uw/ew ^ ^ 
K}. When = X, we write X(Z// | K) simply by N{U). For y G F, we write 
X(W I y) = N{U,TT-^y) and | y) = \ogN{U \ y). Glearly, if there is 

another cover V then H{V \ y) > H{U \ y). In fact, for two covers U, V 
we have H{U VV | y) < H{U \ y) + H{V \ y). Let NiJA \ Y) = sup^^gy NiJA \ 
y) and HiJA \ Y) = logNiJA \ Y). Since a„ = HiJA'^"^ | F) is a non-negative 
subadditive sequence, i.e. an+m < On + for all n, m G N, then the quality 

h{TM I Y) = lim -H{W-^ I F) = inf -H{W-^ \ Y). 

n— >oo 77, n>l 71 

is well defined, and called the conditional entropy of U with respect to (F, S). 
The topological conditional entropy of (X, T) with respect to (F, S") is defined 
(see [16]) by 

/i(T,X I F) = sup h{TM I F). 

If (F, 5) is a trivial system, this is the standard notion of topological entropy 
with respect to covers [25]. 

Let C (X, R) be the Banach space of all continuous, real- valued functions 
on X endowed with the supremum norm. Let JF = : n G N} be a 
sequence of functions in C(X, M). JF is called subadditive if for any m, G N 
and X G X, 

fn+m{x)<fn{x) + fmiT^{x)). 

Denote by Sx the set of all subadditive sequences of functions in C(X, M). 
In particular, for each / G C(X, M), if we set fn{x) = Y17=o IX^^^))^ then 
^ = {fn ■ n E N} E Sx- In this case, for simplicity we write JF = {/}. 
For each c G M, we let {c} = {no : n G N}. For JF = {/„ : 77 G N}, 
Q = {gn : n G N}, and a, 6 G M, we define ajF -\- bQ = {a/„ + bgn : n G N} 
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and T = sup^gpj ^i^, where ||/|| = sup^g^ /(^)- Clearly ajF + bQ G 5x, and 
moreover, {Sx, || ■ ||) forms a Banach space. 

Hue M{X), then for each n,m eN, J fn+mdv < J fndv + J f„^d{T"-u). 
Thus if /i G Ai{X,T), then the sequence {/ fndfi : n G N} is subadditive, so 
we can set 

/i(jF) = lim — [ fndjjL = mi — f fndjj, < inf ^^'^"^^ 



n^oo n J n6N ?7- J nSN n 

For each A; G N, let J-'k = {fnk : « G N}. Then JF^ is a subsequence of J^, and 
it is easy to see that JF^ G iSx and fi{J-'k) = kfi{J^). 
For JF G iSx, U E C°x and y G F, we define 

P„(T, ^, W, = inf{^ sup exp /„(x) : V G Cx and V ^ Wq"^^}. 

For 1/n7r"i(y) = 0, we let /„ (x) = — oo for each n. Then the above definition 
is well defined. Note that for T = {/}, the definition is coincide with that 
in [19], and for JF = {Q}, it is easy to see that P„(T, {0}, W, y) = N{Uq"^, y). 
For V G Cx, we let a be the Borel partition generated by V and denote 

V*(y) = {/3 G Vx : /5 ^ V and each atom of /5 is the union of some atoms of a}. 

(1) 

Lemma 7 ([19], Lemma 2.1). Let M be a compact subset of X, f E C(X, M) 
and V E Cx- Then 

inf y sup /(x) = min{\^ sup f{x) : (3 G P*(V)}. 

If we take V = Uq~^, M = 7i^^{y) and replace /(x) by exp/„(x) in 
Lemma 7, then we have 

Pn{T,J^,U,y) = mm{Y^ sup exp /„(x) : /5 G P*(Wo"~')}- (2) 

In particular, if W is a partition, then P„(T, JF, W, = X];7eW("~^ ^'^Pxeun-K-'^iy) ^^P fn{x). 

Lemma 8. Let {X,T) be a TDS, e Sx and U = {f/i, ■ ■ ■ , t/d} G C^. 
Let TT : (X, T) ^ (Y, 5) &e a factor map between TDS. Then the mappings 
y Pn{T,J-',U,y) ofY to M are universally measurable for any n > 1 and 
there exists a constant M such that - logP„(T, JF, W, < M for all n > 1 
and y eY . 
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Proof. The proof of the measurabihty can be seen in [19]. For the other 
part, since 

Pn{T,J^,U,y) < ell^"ll ■ min card(/5) < e"^"" ■ d". 

/3e7'*{^r') 

Then MogP„(T,^,W,|/) < ^ + logrf. Let M = + logrf, and we get 
the result. 

For each y &Y,U & Cx and JF G Sx, we define the universally measurable 
map P(T, J-'yU, y) from F to M as 

P(T,J=',U,y) = limsup - log Pn(T,J^,U,y). 

For each u E A4(Y, S), the following lemma shows that the limit superior 
in the above definition can be obtained by the limit for v-a.e. y eY. 

Lemma 9. Let v e M{Y,S). For e Sx, U G C°x, and v-a.e. y eY , 
P{T,J',U,y)= lim - log Pn{T,J^,U,y) 

exists. 

Proof. For any n,m G N, Vi ^ Wo"~^ >l we have Vi V T~''V2 h 

^0"+"^"^ It follows that 

Pn+miT,J^,l(,y) < y2 y2 sup exp/„+^(x) 

^ E E exp(/„(x) + /„,(r"x)) 

V16V1 VaSVa ^GVinT-"V2n^-i(s/) 

< ( sup exp/„(x)- sup expfm{z)) 

= ( sup exp/„(x))( ^ sup exp/^(2)). 

Since Vi, z = 1, 2 is arbitrary, then Pn+m{T, J^, W, y) < Pn{T, J^, W, y)Pm{T, S'^y), 
and so log P„(T, JF,W, is subadditive. By Kingman's subadditive ergodic 
theorem (See [25]), we complete the proof. 
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The following Lemma follows from Lemma 9 directly. 

Lemma 10. Let v G MiJ.S). Then P{T^ .T^Mt^ .V) = kP{T,J^,U,y) 
for eSx,K = {f/i, ■ ■ ■ ,Ud} eC^, k EN and v-a.e. y eY. 

We refer to P{T, J^,U, y) as the topological pressure oj T relative to U on 
Tx^^y . 
Let 

P„(T,^,W,r) = supP„(T,^,W,|/). 

y&Y 

Lemma 11. For each U E Cx , n E N, there exists rj E Vx with rj >z Uq"^ 
such that for each y eY , 

sup(exp/„(x)) < Pn{T,J^,U,Y). 

Proof. For each y EY,hj Lemma 7, there exists Py E V*{Uq~^) such that 
^ sup(exp/„(x)) = PniT,J^,U,y) < P„(r,.F,W, F). 

Since V*(Uq~^) is finite, we can find yi, 2/2, ■• • ,ys ^Y such that for each 
y E F, there exists z G {1,2,--- ,s} such that T.ce|3y^n■K-^y)^^Px&c{^W fn{x)) = 
Pn{T, J-',U, y). For each z G {1, 2, ■ ■ ■ , s}, define 

D, = {yEY: sup(exp^(x)) = Pn{T,J^,U,y)}. 

Cef3y^n7r~Hy)''^^ 

Let Ci = Di\ IJj=i = 1, 2, ■ ■ ■ , s. Then Cj fl = 0, i 7^ j, and it is easy 
to see that 

r] = {Py^mv-\a):i = l,2,--- ,s}, 

where Py. fl 7r~^(Cj) = {B fl 'n-^^{Ci) : B E Pyi}, is a partition of X finer than 
Moreover, for each y eY, there exists ^ G {1, 2, ■ ■ ■ , s} such that 

Y sup(exp/„(a;)) = ^ sup (exp < P„(T, F), 
and we complete the proof. 
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From the proof of Lemma 9, it is not hard to see that the sequence of 
functions log P„(T, JF,W, F) is subadditive. The topological pressure of 
relative to lA and (F, S) is defined by 

P{T,TM I Y) = hm -logP„(T,^,W,F) = inf - log P„(T, F) 

n->oo n n6N n 

The topological pressure of T is defined by 

P(T,^ I Y) = sup P{T,T,U I Y). 

For the trivial system {Y,S), it is not hard to see that the topological 
pressure defined P{T,J-' \ Y) above is equivalent to the ones defined in [29]. 
Moreover, if (Y, S) is the trivial system and JF = {/}, then P(T, JF, W | y) is 
the definition defined in [17]. If = {0}, then P(T,{0},W | Y) = hiTM \ 
Y). If is the trivial system and T = {0}, then P(T,{0},W | Y) = 

h{T,l/(), which is the standard topological entropy with respect to the cover 
U. As in [17], the advantage of the above definition of Pn(T,J-',U,y) is the 
monotonicity, i.e., if W ^ V, then Pn(T,J^,U,y) > Pn(T, J^,V,y). 

3. Measure-theoretic conditional entropies 

Given a partition a G V{X), fi G Ai{X) and a sub-a-algebra A C B{X), 
define 

H^{a \A) = y2 [ -E(U I A) logE(U | A)di^, 

where ]E(1^ | A) is the expectation of 1a with respect to A. One standard 
fact states that H^{a \ A) increases with respect to a and decreases with 
respect to A. 

When /i G {X, T) and ^ is a T-invariant //-measurable cx-algebra of 
X, i.e. T-U C A, H^ia"^-^ \ A) is a non-negative subadditive sequence for 
a given a G Vx- The measure-theoretic conditional entropy of a with respect 
to A is defined as 

hJT, a\A)= lim -HM^^ \ A) = inf HM~^ \ A), (3) 

n^oo 77, n>l 

and the measure-theoretic conditional entropy of {X, T) with respect to fi is 
defined as 

h^{T,X I A) = sup h^{T,a \ A). 

aeVx 
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Particularly, if vr : {X, T) — (Y, S) is a factor map between TDS and a G Vx, 
the conditional entropy of a with respect to (Y, S) is defined as 

h^{T,a I Y) = h,{T,a\ n-\B{Y))) = lim -i/^K^^ | n~\B{Y))), 

and the measure-theoretic conditional entropy of {X, T) with respect to {Y, S) 
is defined as 

h^{T,X\Y)= sup h^{T,a\Y). 

For the classical theory of measure-theoretic entropy, we refer the reader to 
[20, 25, 27]. 

Lemma 12 ([16], Lemma 3.3). Let n : {X,T) — *■ {Y, S) be a factor map 
between two TDS and a G Vx ■ Then the following hold: 

1. The function H^.y^a \ Y) is concave on Ai{X); 

2. The function | Y) and h{.j{T,X \ Y) are affine on A4{X,T). 

A real-valued function / defined on a compact metric space Z is called 
upper semi- continuous (for short u.s.c.) if one of the following equivalent 
conditions holds: 

1. limsup^/^^ /(^') < /(^) for each z E Z; 

2. for each / G C{Z,R) the set {z E Z : f{z) > r} is closed. 

By 2, the infimum of any family of u.s.c. functions is again a u.s.c. one; both 
the sum and supremum of finitely many u.s.c. functions are u.s.c. ones. 

A subset A of X is called clopen if it is both closed and open in X. A 
partition is called clopen if it consists of clopen sets. 

Lemma 13 ([16], Lemma 3.4). Let tt : {X,T) — > S) be a factor map 
between two TDS and a G Vx whose elements are clopen sets of X . Then: 

1. H{.j{a \Y) is a u.s.c. function on Ai{X); 

2. /i{.}(a \Y) is a u.s.c. function on Ai{X,T). 
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Inspired by the ideas of Romagnoli [22] in local entropy for covers, Huang 
et al. [16] introduced a new notion of /i-measure-theoretic conditional entropy 
for covers, which extends definition (3) to covers. Let vr : {X, T) — > (Y, S) be 
a factor map and /i G J^{X). For U E Cx define 

H,{ll\Y)= inf H,{a\n-'BiY)). (4) 

qG Fx 

In particular, H^{a \ Y) = Hfj^{a \ n^^BiY)) for a G Vx- Many properties 
of the conditional function Hfj_{a \ Y) for a partition a can be extended to 
H^{U I Y) for a cover W; for details see [16]. 

Lemma 14. Let tt : (X, T) (y, 5") &e a factor map between TDS and 
fi G Ai{X). IflA^V G Cx, then the following hold: 

1. 0<H^{U\Y)<\ogN{U); 

2. ifU y V, then H^{U \ Y) > H^{V \ Y); 

3. H^ipi VV I F) < H^iJA I Y) + H^iy \ Y); 
I H,{T-^U\Y)<Ht^{U\Y). 

Lemma 15 ([28], Lemma 5.2.8). Let vr : {X,T) iY,S) he a factor map 
between two TDS, U G Cx, fJ' G T). Let /i = Jy Hydu^y) be the 

disintegration of fi over v where u = irfi. Then 

H^{U\Y) = j^H,^{U)du{y), 

where H^^iU) = miaerx,atu Hf,y{a) . 

For a given U E Cx, E Ai{X,T), it follows easily from Lemma 14 
that H^{IA^~^ I y) is a subadditive function of n G N. Hence the local 
/i-conditional entropy of U with respect to (y, S) can be defined as 

h^{TM I Y) = lim -HM~^ I ^) = inf -H^iUi;-' \ Y). (5) 

n^oo n n>l n 

This extension of local measure-theoretic conditional entropy from par- 
titions to covers allows the generalization of the relative local variational 
principle of entropy to the relative variational principle of pressure. 
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Following the works of Romagnoli [22], Huang et al. [16] also introduced 
another type of local /i-conditional entropy. Let vr : (X, T) — > (F, S) be a 
factor map between TDS. Given /i G M.{X,T) and U E Cx define 

hl{TM\Y)= mi K{T,a\Y). (6) 

Clearly, h'^(T,'U \ Y) > h^{T^U \ Y). Moreover, for a factor map between 
TDS, the following lemma holds. 

Lemma 16 ([16], Lemma 4.1(3)). Let tt : (X,T) iY,S) he a factor map 
between two TDS and /i G J^{X, T). Then for each lA G Cx, 

h,{TM I Y) = hm -h^iT-Mo-' I Y) = inf i/i+(T", Wp-^ | Y). 

For each fi G 7W(X, T), there exists a unique Borel probability measure 
m on A4^{X,T) such that /i = /^vie^jf 6'(im(6'), i.e. // admits an ergodic 
decomposition. The ergodic decomposition of fi gives rise to an ergodic 
decomposition of the /i-entropy relative to the partition a G Vx'- 



hfj,{T,a) = / ho{T,a)dm{6). 

J M''{X,T) 

Following the ideas of proving the ergodic decompositions of the /i-entropies 
relative to covers [15], Huang et al. [16] gave the ergodic decompositions of 
the two kinds of measure conditional entropy of covers. 

Lemma 17 ([16], Lemma 5.3). Let ir : (X, T) — > {Y, S) be a factor map 
between two TDS, fi G Ai{X,T) andlA G Cx- If = /;Ke(xr) ^^'^(^) ^'^ 
ergodic decomposition of fi, then 

1. h^iTM I Y) = J^^^^^^^ hj{TM I Y)dmie); 

2. h,{T,U I Y) = Xv,.(^_^) hg{T,l( I Y)dm{e). 

Now we are ready to prove Theorem 1, i.e., if we let tt : {X, T) — > (Y, S) 
be a factor map between two TDS and U E Cx, then the local conditional 
entropy map h~l^y{T,V(\Y) and h{.j{T,'U\Y) are upper semi- continuous and 
affine on M{X, T). 
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Proof (Proof of Theorem 1). We first prove the upper semi-continuity. 
Let W = {t/i, ■ ■ ■ , Um}- By Lemma 16, h^{T,U \ Y) = ininm ^h+iT^Mo'^ I 
Y). It follows that if the local conditional entropy map h^^{T,U\Y) : /i e 
M.{X, T) — >• M is upper semi-continuous, then h^.}{T,lA\Y) : /i G J^{X, T) — >■ 
M is also upper semi-continuous. 

We now prove h^^(T ,U\Y ) : /i G M{X, T) ^ M is upper semi-continuous. 
Since for each fi E A4 {X, T) , 

h+iTM\y)= inf inf -//.K-^IF) = inf inf -HJa'^-^\Y), 

it is suffice to prove that for each n G N, the map 0n(Ai) = m.iaePx,ahit H ^{cio~^\Y) 
is upper semi-continuous on M.{X, T). Moreover, By the definition of the up- 
per semi- continuous function, it is suffice to prove that for each n G M.{X^ T) 
and e > 0, 

limsup 0„(/i') < 0n(/i) + e- 
^J.'^^J.,^l&M{x,T) 

Fix /X G T) and e > 0. There exists a G "Px, Oi^U such that 

i^M(«r'l^)<0n(/^) + e/2. 

Without loss of the generality, we assume that a = {Ai,--- ,Am} with 
Ai C Ui for each 1 < z < M. Let /i'^ = ^"J^^ T>. By Lemma 4.15 [25], there 
exists a 5 = S{M, n,e) > such that whenever = -Bg, ■ ■ ■ , Bl} and 
= {Bf, Bl, ■ ■ ■ , are k-measurable partitions with ^*L^ n'^{B}ABf) < 
6, then 

n— 1 n— 1 n— 1 

Let W; ,, = {/5 G : /5 ^ W and /i(UcG/3"-i '5'^) = 0}- Then there exists 
f3 = {Bu • • ■ , Bm} G such that Zti f^^'iAAB,) < 6 and i/^(/?o"- < 
e/2 (See Claim P.164 [27]). Note that the condition /i(Uce/3^-i "^C) = in 

the definition of W*„ implies that A*(^^o^-^*) ~ ^- Then, by Lemma 3.2 
(n) [18], 

limsup 0n(At') < limsup H^>{Pq^^\Y) 
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<ij,K-i|r) + i/,(/3o"-Vn 

< + e. 

We now prove the affinity. Given /ij G Ai{X, T), z = 1, 2, and < A < 1. 
Let fii = Jj^^{X,T)9d'mi{9) be the ergodic decomposition of yUj. Let fi = 
Xfii + (1 — A)yU2 and m = Ami + (1 — A)m2. It is clear that m is a Borel 
probability measure on A4'^{X,T) and fi = Jj^^{X ,T)6dm{6) . By Lemma 
17, 

/i+(T,W|F)= /" /i+(T,W|F)cim(^) 

JM''iX,T) 

= X [ hj{T,U I F)rfm,i(^) + (1 - A) [ hj{T,U \ Y)dm2{e) 

= \hX{TM\Y) + {l-X)hl^{TM\Y). 

Then the local conditional entropy map h'^^^{T ^U\Y) is affine on M.{X^T). 
The proof the affinity of /i{.}(T, is similar to the above proof. 

For the trivial system {Y,S), it is clear that the following result holds, 
which was proved in [17] and [29]. 

Corollary 18. Let (X, T) he a TDS andU G C^. Then the local entropy maps 
h^y{T,U) and h^.j{T,U) are upper semi- continuous and affine on M.{X,T). 

4. Relative local variational principles for subadditive potentials 

Lemma 19 ([28], Proposition 5.2.9). Let tt : (X,T) (Y, S) and ^ : 
{Z,R) {X,T) be two factor maps between TDS. If r E A4{Z,R), /i = 
(pr G M.{X, T), then for each U E Cx, 

K{R,^~\U)\Y) = h,{TM\y). 

Lemma 20. Let vr : (X, T) (F, S) and : (Z, R) (X, T) be two factor 
maps between TDS, T G Sx and U & C°x. Then for each y E Y and n G N, 
Pn{R,T o Lf^Lp-'^U.y) = Pn{T,J=',U,y), where o ip = {f^ o ip : n e N} . 

Proof. It follows directly from the identity (2) and the fact of V*{(p~^W) = 
ip-^V*iW) for each W eCx- 
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Lemma 21 ([25], Lemma 9.9). Let cti,-- - , be given real numbers. If 
Pi > 0,i = 1, ■ ■ ■ , k, and Yli=i Pi = then 

k k 

^Pi{ai - \ogpi) < log(J]e"0, 

i=l i=l 

and equality holds iff Pi = ^k"' ^ for all i = 1, ■ ■ ■ , k. 

Proposition 22. Let (X,T) be a TDS, e Sx and U e C^. Let tt : 

{X,T) S) be a factor map between TDS, u & A4{Y,S). If n & 

M.{X,T) and tt/x = u, then 

h,{T,U I y) < j^P{T,rM.y)du{y). (7) 

Proof. Let = Jy f^ydi^iv) be the disintegration of /i over vr/i = z/. As vr is 
a continuous map on a separable compact space we can choose the measures 
fj,y such that fiy{7i~^{y)) = 1 for each y [6]. Then by Lemma 15, we have 

h^{T,U I Y) + /i(^) = hm -H^{U^-^ I Y) + /i(^) 

= hm / -H,^{U^-')dv{y) + ^^{T) 

= lim -( / H,^{l(^~')duiy) + [ 
n^oo Jy Jx 

For any n G N, we have by (2) that there exists a finite partition (3 G 
P*(Wo"^^) such that P„(T,J^,W,?/) = ^ sup exp/„(x). Let 

= {C : C = B n Tx^^iy) for some B G /?}, then (3'y is a partition of 7r~^(y) 
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with respect to /3, and set (3' = IJyey f^'y follows from Lemma 21 that 

log(f„(T, J^,W,?/)) =log(^ supexp/„(x)) 

cef3' 

> ^ /ij^(C)(sup/„(x) - 10g/iy(C)) 

ce/3' 

= + XI ■ (9) 

>H,,{P')+ [ fn{x)dfXy 
>H,^iU^~')+ [ fnix)dfly. 

Combining (8) and (9), by Fatou's Lemma and Lemma 8, we have 
/i^(r,W I <limsup- / \ogPn{T,TM.y)dp{y) 

< I limsup-logP„(T,^,W,y)rfz/(2/) (10) 

JY n— >oo ^ 

and we complete the proof. 



The following corollary comes directly from Proposition 22 and the defi- 
nition of P(T, j^M\y)- 

Corollary 23. Let (X,T) be a TDS, T e Sx andU e C°x- Let vr : (X,T) ^ 
(Y, 5) he a factor map between TDS. If fJ^ ^ Ai{X,T), then 

h^{TM I F) + /i(.F) < p{t,:fm\y). 

Lemma 24 ([19], Lemma 4.4). Let {X,T) be a zero- dimensional TDS. vr : 
{X, T) (Y, S) is a factor map between TDS, y E Y and U E Cx- Assume 
that for some K G N, {ai}f^^ is a sequence of finite clopen partitions of X 
which are finer than lA. Then for each N E fi, there exists a finite subset 
Bn C 'JT~^{y) such that each atom of (a;)^"^, / = 1, ■ ■ ■ , K, contains at most 
one point of Bj^, and Y^xeBr, f^i^) ^ ^Pn{T, T,ll,y) ■ 
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Lemma 25 ([7], Lemma 2.3). For a sequence probability measures {jj,n}^=i 
m M{X), where = \X2=l o T^' and {i^n}n=i C MiX), if {n^} zs 
some subsequence of natural numbers N such that fi^ ^ G M.{X,T), then 
for any k E N, 

limsup— / fn.dun^ - Z I •fkdfi. (11) 
In particular, the left part is no more than J^^:{^). 

For a fixed U = {Ui,--- , Um} G C^-, we let U* = {{Ai, ■■■ , Am} e Vx ■ 
Am C Um,fn G {!,■■■ jM}}, where Am can be empty for some values of 
me {!,■■■ ,M}. 

The following lemma will be used in the computation of | Y) and 

h^{T,U\Y). 

Lemma 26 ([14], Lemma 2). Let G : Vx ^ ^ be monotone in the sense 
that G{a) > G{[3) where a ^ p. Then 

inf G(a) = inf G(a). 

Proposition 27. Let {X,T) be an invertible zero- dimensional TDS, T G Sx 
and U e C°x- Let vr : [X^T] iXiS) be a factor map between TDS, v G 
A^(y, S"), and y be a generic point for v. Then there exists fi G Ai{X,T) 
with nfi = u such that 

p{T,rM.y) < KiTM I F) + ^(^). (12) 

Proof. Let U = {Ui, U2, - ■■ , Ud} and define 

U* = {aeVx ■■a = {Ai, ^2, ■ ■ ■ , A^}, A„ C t/^, m = 1, 2, ■ ■ ■ , d} 

Since X is zero-dimensional, the family of partitions in U*, which are 
finer than U and consist of clopen sets, is countable. We let {«; : / > 1} 
denote an enumeration of this family. 

Let n E N. By Lemma 24, there exists a finite subset i?„ of n~^{y) such 
that 

V exp/„(a;) > -P„(T, ^, W, y), (13) 
^-^ n 

and each atom of (tt«)o~^ contains at most one point of for all / = 
1, 2, ■ ■ ■ ,n. Let 

C^n = ^ Xn{x)5x, 

XGBn 
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where A„(x) = j^y^B^c^pMy) ^ ^ let /in = ^ Er=o^ ^'^n- Then 

7r(T„ = and it fin = }iJ2^=o ^S'y Choose a subsequence {rij} so that 
converges and P{T,J^,U,y) = hmsup^-^^ ^ log P„.(T, y). Let ^ 

/i. Then tt ^ = , fi e M{X,T) and limsup„^^ ^ / /n,cio-„^ < /i(J^). 
By Lemma 26 and the fact that 

it is sufficient to show that for each / G M, 

P{T,J^,U,y) < h^{T,ai \Y) + 

Since cr„ is supported on 7r~^(?/), TV„ is supported on 7i~^{S^y) for each 

i G N, and then Hxia„{{(^i)o~^ I ^) = -f^T'(7„((««)o~"^) ^ach <i < n and 
1 < / < n. 

Fix / G N. For each n > I, we know that from the construction of Bn 
that each atom of {ai)^'^ contains at most one point in Bn, and, 

J2 -A„(x)logA.(x) = i7.„((aOr'). (14) 

Combining (13) and (14), we get that 

log P„(T, J", U, y) - log n < log( exp /n(x)) 



An(x)(/„,(a;) -logA„,(x)) 



X) 



= H^^{{ai)t') + I fn{x)dan{x). 

Hence 



X 



logPn{T,J^,U,y)-logn < H^^HaiY^-' \Y) + I /„(x)da„(x). (15) 

Jx 

Fix natural numbers m, n with n > / and 1 < m < n — 1. Let a(j) = 
[^^], j = 0,1,-- - ,m — 1, where [a] denotes the integral part of a real number 
a. Then 

\jT-'ai= \J T-(™^+^)(aOr'v V^"*"^ (16) 

j=0 r=0 t&Sj 
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where Sj = {0, 1, ■ ■ ■ , j — 1} U {j + ma^j), ■ ■ ■ , n — 1}. Since cardS'j < 2m, 
it follows from (15) and (16) that 

logP„(T,^,W,2/)-logn 

o-(3)-l 

< 

r=0 



(17) 

V i/T(-+^)a„(("/)jr"M ^) + / fn{x)dan{x) +2m\ogd. 

Jx 



Summing up (17) over j from to m — 1 then dividing the sum by m yields 
that 

logP„(r, J^M^y) - logn 



<— V V //rW)<x„(("i)jr"M ^) + / fn{x)dan{x) +2m\ogd 
""U ^0 (18) 

<-ViJT.a„((«OrM>')+ / Ux)dan{x)+2m\ogd. 
Since iir{.}((a/)^~^ | Y) is concave on A^(X) (Lemma 3.1 part (1)), 

-E^T..„((«or^ I y) < H,AW I Y). (19) 



j=0 

Now by dividing (18) by n then combining it with (19), we obtain 

-logP„(T,/,W,y) < -H,„{{a,)--' I Y)+- [ Ux)da^{x)+^^^^^^^^±^. 
n m n Jx ^ 

(20) 

Since ai is clopen, it follows from Lemma 13 that 

hmsupif ((«0r' I Y) < H.iiai)^-' \ Y). 

j-»oo 
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By substituting n with rij in (20) and passing the hmit j oo, we have that 
P{T,J^M.y)= lim -log Pn,{T J M,y) 

nj-*oo Uj 

^1- / 1 rr // \m^l < ^ f c r \ i / \ 2m\og d + \og Uj . 

< hm -i^ a,™ 1 y +_ / f {x)dan,{x) + 2 ^ 

nj^oo ^ rij Jx Uj 

<lH,{{airo-'\Y)+f,{J^). 
m 

(21) 

Then we complete the proof by taking the hmit tt? oo in (21). 

Proposition 28. Let (X, T) he an invertible zero- dimensional TDS, T G Sx 
and U ^ Cx- Let re : (X, T) (F, S) he a factor map between TDS, v e 
MiJ.S). Then 

j P{T,J^,U,y)du{y) < sup{/i+(T,W | Y)+fi{T) : /i G A^(X,T) and tt// = z/}. 

Proof. Suppose that u is ergodic, that is z/ G A^'^(y, 5). Let y be a generic 
point for u. By Proposition 27, 

P{T,J^,U,y) < sup (/i+(T,W I F) +^(^)) = a. 

■ITfJ.=l' 

Since i/-a.e. ?/ is generic; so 

/ P{T,J^,U,y)diy{y) < sup (/i+(T,W | F) +^(^). 

If 1/ is not ergodic, let u = fj^e(^YS) ^adp{a) be its ergodic decomposition. 
Let b > 0, and 

Kh = {(r,^) eM'{Y,S) X 7W(X,T) : 7r/i = r, 

/i+(T,W I F)+/i(^> ^P(r,/,W,y)rfr(y)-6}. 

Let F(r,/i) = Fi(/i) - F2(r), where Fi(/i) = /i+(T,W | F) + Jxf{x)dfi{x) 
and -F2(t) = fy P(T, f,U,y)dT{y). By Lemma 13 and Lemma 8, Fi{f^) 
is u.s.c. on M.{X,T) and -F2(t) is measurable on Ai^{Y,S). Moreover, 
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G{fi) = FliTfi^fi) is measurable on Ai{X,T). Then by the upper semi- 
continuity of F(r, ■), F(r, /i) is product measurable on J\4^(Y, S) x A4{X, T). 
Now Kb is a measurable subset of Ai'^iY, S) x }A{X, T) and we have shown 
above that Ki, projects onto S). Hence, by the selection theorem [8], 

there is a measurable map 0b : A4^{Y, S) M.{X, T) such that 

p({r:(r,0,(r))GA',}) = l. 

Define /if, by = /vi<=(y,5) 4>b{^a)dp{a). Then /i;, e M{X, T), tt^;, = z/. Since 
• (JF) is it.s.c. and bounded affine on T), then by Lemma 17 and the 

well-known Choquet's Theorem (See [21] for details), we have 

/i+(T,W|F)+/i,(^) 

h4>,{u{a)){T,l( I Y)dp{a) + / (j)b{iy{a)){J^)dp{a) 

M^{Y,S) Jm^{Y,S) 



> 



( / P{T,J^,U,y)diy{y)-b)dp{a) 

^,S) JY 



M^{Y,S) 

P{T,J^,U,y)du{y)-b. 



Y 



Therefore, 



sup{/i+(T,W|r) + /i(^)}> / P{T,TM,y)du{y). 

■IT^l=V JY 



Proposition 29. Let {X,T) be an invertible TDS, e Sx and U E C^. 

Let IT : {X, T) — > [Y, S) be a factor map between TDS, v G (F, 5) . Then 
there exists a fi E A4{X,T) with vr/i = u such that 

h,{T,U I Y)+p{J') = j^P{T,J^,U,y)du{y). (22) 

Proof. We follow the arguments in the proof of Theorem 2.5 in [16]. Let 
W = {f/i,?72,---,f/M}eC^. 

We first consider the case that X is zero-dimensional, i.e., there exists 
a fundamental base of the topology made of clopen sets. Since the set of 
clopen subsets of X is countable, the family of partition in U* consisting of 
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clopen sets is countable. Let {ai : / = 1, 2, ■ ■ ■ } ba an enumeration of this 
family. Then, for any G N and fi G M.{X, T), we have 



k-l fc-l 



i=0 i=0 

fc-l 

V 

i=0 



K(T', V T-'l^ I ^) = V ^"^"^^W I (23) 

For any A; G N, and Sfc G N'', let 

We note from Lemma 10 that i Jy P{T\ TkMo~^, y)dv{y) = Jy ^i^, J^,U, y)du{y). 

Since for each k & N, u ^ Ai{Y, S'^), then by Proposition 28 there exists 
a fik ^ Ai{X,T'^) with vr/ifc = u such that 

h,,{T\ut' I + /ifc(^fc) > j^P{T^j^k,ut\y)My)- 

Since \l\zlT~^as^{i) is finer than Wq"^ for each G N'^, we have 

fe-i „ 
h,{T\ \l r-^a,,« I F) +/ifc(^fc) > / P(^^^fc,Wo'"^Z/)^^(z/)• (24) 

Let Tfe = i Eto Since T>fc G ^(X, T'^), z = 0, 1, ■ ■ ■ , A; - 1, we 

have Tk G T). Moreover, since v G S*), it is not hard to see that 

TiTk = V. For Sfc G and j = 1, 2, ■ ■ ■ , /c — 1, let 



P^Sfc = Sk{k - j)skik -J -!)■■■ Sk{k - 1) Sfc(0)sfc(l) ■ ■ ■ Skik ~ 1 ~ j) E N\ 

j k-j 

It is easy to see that 

fc-l fc-l 
/^^.,,(T^ V T-a,,« | Y) = h,,{T\ \J T"^ap.,^^^^ \ Y); 

i=0 i=0 
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for all j = 0, 1, ■ ■ ■ , /c - 1. It follows from (24) that 

fc-1 „ 
hT.,,{T\\/ T-'as,ii) \ Y) +T^f,k{J'k) > / P{T\ J^kMt\y)dHy)■ 
Moreover, by Lemma 12 part(2), for each Sk G N'^, 
fc-1 

K,{T\\jT-^a,,^i^\Y) + n{:Fu) 
fc-1 fc-1 

j=0 i=0 

>j^p{T\j^kM~\y)My)- 

Hence G C\s,eN^ M{k, Sk). Let M(A;) = f]^^^^, M{k, Sk). Then M(A;) is a 
non-empty subset of A^(X, T). 

Since for every G N'^, Vi=cJ ^~*'^'5fc(*) ^ clopen cover, hence the map 

fc-1 

1=0 

is a u.s.c. function from Ai{X,T'') to M by Lemma 13 part(2). Since 
MiX,T) C 7W(X,T'=),%(T^Vf^JT-^a,,(,) | F) is also u.s.c. onA<(X,T). 
Therefore, M{k, Sk) is closed in Ai{X,T) for each G N'^. Thus M(A;) is a 
non-empty closed set of {X, T) . 

Now we show that if ki^k2 G N, ki divides /c2, then M{k2) C M{ki). 
Indeed, let jj, G M{k2) and /c = p-. For any Sk-^ G N*^^ we take = 
Sfc,,-- - ,Sfc, G N^^ Then 
fc 

. fci-i 
^ i=0 

^ ^ fc— 1 fci— 1 

= Vk^^^^'''' V V I + /i(^) 

1 j=0 j=0 
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= J^PiT,J^,U,y)duiy) 

Hence /i e M{ki,SkJ for each Sfc^ G N'^^ and /i G M(A;i). This shows that 
M{k2) C M{ki). 

Since 7^ M{kik2) C M(A;i) n M(A;2) for any ki,k2 e N, we have that 
r],,^M{k)=^(D. 

Let r G HfceN ^(^) and A; G N, By (23), we have that 

lht{T\Ut'\Y) + T{T) 
= \{ht{T\ut'\Y) + kr{:F,)) 

^ k-l 

= inf -(/^.(T^ V T-'as,i^) I ^) + ^(-^fc)) 
It follows from Lemma 16 that 

tC — ^00 fx, 

> j^P{T,J^M.y)du{y). 

Combining this inequality with Proposition 19, we complete the proof 
when X is zero-dimensional. 

For the general case, it is well known that there exists an invertible TDS 
{Z,R), with Z being zero-dimensional, and a continuous surjective map ip : 
Z ^ X such that if o R = T o ip (See e.g. [4]). For r G M{Z, R), e Sx, 
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set t{J-' oip) = lim^^oo ^ J fn° ^pdr. By the above proof, we know that there 
exists a r G M.{Z, R) with 7r{ipT) = v for the TDS (Z, K) such that 

hr[R,^-^{U)\Y)^T{T o^) = J P{R,J^oip,ip-^U,y)du{y). 

Let yU = (pr. Then vr/i = z/ and fi G Ai{X,T). Since, by Lemma 19, 
K{R,^-\U) I Y) = h^iTM I F), we have 

/i^(T,W|F) + /i(^) 
=/i,(i?, I F) + r(J^ o y?) = j P{R, J^oif, if-^U, y)du{y). ^'^^^ 

By Lemma 20, we have 
Then 

and we complete the proof of the general case. 

Before giving the relative local variational principle of pressure, we first 
recall the notion of natural extension, which is necessary in the proof of the 
relative local variational principle for the topological pressure. 

Let d be the metric on X and define X = {{xi,X2, ■ ■ ■) : T(xj+i) = 
Xi,Xi G X, 2 G N}. It is clear that X is a subspace of the product space 
H'^iX with the metric dr defined by 

driixi, X2,---), {yi, 2/2, ■■■)) = — ^r^- 



i=l 



Let aT '■ X X he the shift homeomorphism, i.e., ax^Xi, X2,- ■ ■) = (T{xi), Xi,X2, 
We refer the TDS (X, ax) as the natural extension of (X, T). Let tti : X ^ X 
be the natural projection onto the first component. Then tti : {X, ax) — »■ 
(X, T) is a factor map. 

Now we prove Theorem 2, i.e., let (X, T) be a TDS, T G Sx andlA G C°x, 
vr : (X, T) (F, S*) he a factor map between TDS and u ^ Ai(Y, S) , then 



sup {/z^(T,W|y)+/i(^):7r/i = z/}= / PiT,j^M.y)di^{y). 

ti&M{X,T) Jy 
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Proof (Proof of Theorem 2). Let (X,(Tt) be the natural extension of 
(X, T) defined above. By Proposition 29, there exists a r G A4{X,aT) such 
that 



Kiar, 7i^\U) I Y) + t{T o tti) = / P{cyr, T o tti, ix^^U, y)dv{y). 



JY 



Let /i = VTiT. Then yU G T). Since, by Lemma 19, 



/i^(T,W|F)+/i(^)= /" P(aT, ^o7ri,7rrUy)rfz/(y)- (26) 




h^{TM\y)^l^{T)= [ P{T,J^,U,y)diyiy). 



JY 



The proof is now completed. 

If (Y, S) is a trivial system and = {/}, then by Lemma 2.7 in [17] and 
Theorem 2, it is not hard to see that Theorem 2 generalizes the standard 
variational principle stated in [25]. 

Using the method to prove the outer variational principle for entropy 
([9]), Yan et al. [26] proved the local outer variational principle for pressure 
in the single potential case. We shall give the following result for subadditive 
sequence of potentials without proof. For the details of the proof, we refer 
the readers to see Theorem 3 in [9] or Theorem 2.1 in [26] . 



Lemma 30. Let {X,T) be a TDS, e Sx and n : (X,T) ^ {Y,S) he a 
factor map between TDS. For given lA E Cx, 



By Lemma 30 and Theorem 2, we immediately know that Theorem 3 
holds, i.e., let {X,T) be a TDS, eSx,U e C°x, and tt : (X, T) {Y,S) 
be a factor map between TDS, then 



Note that for the trivial system (y, S*), Theorem 3 is just the result ob- 
tained in [29]. 




max 

y&M(Y,S) 




sup{h^{T,U I F) : /i G M{X,T)} 



p{T, rM\y)- 
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5. Pressures determine local measure-theoretic conditional entropies 

In this section, we will prove the relative local pressure determines the 
local conditional entropies. 

By Theorem 3, it is not hard to verify that the following results holds. 

Lemma 31. Let (X,T) be a TDS, U e C°x and n : (X,T) {Y,S) he a 
factor map between TDS. For any J^,Q E Sx and c G M, 

t) P{T,{0},U\y) = h{T,U\y), 

a) IfT < g, I.e. fn < gnforalln G N, then P{T, T,U\Y) < P{T,g,U\Y). 
In particular, P{T,J^,U\y) < h{TM\y) + ||-^||, 

III) P{T,J^+{c}M\y) = P{T,TM\y)+c, 

iv) \p{T,j^,u\y)-P{T,g,u\y)\< \\:F-g\\, 

v) P{T,-,IA\Y) is convex, 

vi) p{T,T + goT-gM\y) = p{T,TM\y), 

vii) p{T,j^ + g,u\y) < P{T,j^,u\y) + P{T,g,u\y), 

viii) P{T,cJ^,U\Y) < cP{T,J^,U\Y) ifc > 1 and P{T, cJ^,U\Y) > cP{T,TM\y) 
ifc<l, 

ix) \P{T,T,l{\Y)\ < P{T, \J^\,U\Y), where = : n G N}. 

The following results shows that the relative local pressure for the sub- 
additive sequence of functions determines the members of Ai{X,T). It is 
similar to that in the non-relative case, and the proof can follows completely 
from that of Theorem 9.11 in [25]. 

Proposition 32. Let W G and fi : Bx TZ be a finite signed measure 
onX. Then fiE Mix, T) iff <P{T,J^,U\y) for allTeSx- 

We now prove that the relative local pressure P(T, - ,^11^) determines the 
local conditional /i-entropy h^{T,U\Y), i.e., let {X,T) be a TDS, T G Sx 
and vr : (X, T) — s> (y, S") be a factor map between TDS, then for given U eC°x 
and i^e M{X,T), 

h,{T,U\y) = inf{P(r,.F,W|F) - fi{J^) : G Sx}- 
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Proof (Proof of Theorem 4). We follow the arguments in the proof of 
Theorem 3 in [17] and Theorem 9.12 in [25]. By Theorem 3, we first have 



/i^(T,W|r) <inf{P(T,^,W|r)-/i(-^) 

Let 

C = e M{X,T) X R : < t < hf,{TM\y)}- 

By Theorem 1, the entropy map h.{T^U\Y) : Ai{X,T) M"^ is affine. 
Then C is convex. Let C(X, M)* be the dual space of C{X,M.) endowed 
with the weak*-topology and view C as a subset of C(X, M)* x M. Take 
b > h^{T,lA\Y). Since, by Theorem 1, the entropy map h.{T,U\Y) is upper 
semi-continuous at yU, we have that (/i, fc) ^ cl{C). Let V = C(X, M)* x M, 
Ki = cl{C), K2 = {{fi,b)}. Then is a locally convex, linear topological 
space, and Ki, K2 are disjoint, closed, and convex subsets of V . It follows 
from [10] (pp.417) that there exists a continuous, real-valued, and convex 
subsets F on such that F{x) < F{y) for all x & Ki, y & K2, i-e. F : 
C{X, M)* xM ^ M is a continuous linear function such that -F(/i=K, t) < F{iJ,, b) 
for all (/i*, t) e cl{C). Note that under the weak*-topology on C G C(X, R)*, 
F must have the form F{fi^:,t) = f{x)dfi^:{x) + td for some / G C(X, M) 
and some d G R, i.e. F{ii^,t) = /i*({/}) + td. In particular, /i*({/}) + 
dh^^{T,U\Y) < fi{{f}) + db for all /i, G M{X,T). By taking /x, = /x, we 
have that dh^j_{T.,U\Y) < db. Hence ci > and 



for all G Ai{X,T). By Theorem 3, we have 

i^(T,{{},W|F)<6 + /i({^}), 

i.e., 

b > P{T, {^}M\Y) - > inf{P(T, {g},U\Y) - ^({^}) : Q G Sx}. 

Since the above inequality holds for arbitrary b satisfied b > /i^(T, we 
have h^{TM\Y) > inf {P(T, {GjMlY) - fii{Q}) : Q G Sx}. 

We need the following well-known Rohlin lemma (See e.g. [12]). 
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Lemma 33. Let {X,T) be invertible and fi G Ai^{X,T) . If ^ is non-atomic, 
then for any N & N and e > 0, there exists a Borel subset D of X such that 
D, TD, ■ ■ ■ , T^~^D are pairwise disjoint and yu(IJilo^ T^D) > 1 — e. 

We are ready to prove Theorem 5, i.e., let {X,T), {Y, S) be invertible 
TDSs, T G Sx, '■ iX,T) — >■ {Y, S) be a factor map between TDS, then for 
given U eC°x and fi e M{X,T), 

h':{T,U\Y) < mi{P{T,J^,l(\Y) - fi{J^) : T e Sx}. 



Proof (Proof of Theorem 5). We follows the ideas in [13], [16] and 
[17]. Since •(J^) is upper semi-continuous and bounded affine on Jli{X,T), 
then by Lemma 17 and the well-known Choquet's Theorem, it is enough 
to assume that fi G Ai'^{X,T) and non-atomic. Then u = nfi ^ Ai'^lYjS). 
Since P(T, {c}, {c}) = P{T,J^,U\Y)-fiiT) for each c G M 

and G Sx, then we can assume that J-" >0, i.e. /„(x) > for each n E N 
and X e X. Let U = {Ui, ■ • • , Uk}. 

For e > and N eN large enough such that 

Px{T, W, Y) < 2^(^(^.^."l^)+^) and - (1 - ^) fog(l " ^) " ^ < ^• 

(28) 

Choose small enough 1 > 5 > such that 

v^(logA;+ ll/ill +log(i^'ell^^ll)) < e. (29) 

By Lemma 33, we can find a Borel subset D oiX such that -D, TD, ■ ■ ■ , T^~^D 
are pairwise disjoint and yu(IJilo^ T^D) > 1 — 5. By Lemma 11, we may take 
(3 eVx with p y Uq~^ such that for each y eY, 

1< Yl sup(exp/jv(x))<Pjv(T,^,W,F). (30) 

Let = {BnD : 6 G /?} be the partition of D. For each P E Pd can find 
a sp G {1, ■ ■ ■ , k}'^ such that P C (flilo^ T~^Ui.) fl D. We use the partition 
Pn to define a partition a of X as follows. First, for each i = 1, ■ ■ ■ , /c, let 

^'^ = U U^^'^ -P^Pd and sp{j) = z}. 

j=0 
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Then let B[ = U^B'^ = U2\B[, ■ ■ ■ , B', = UkX^Zl B'^) . Finally, let A, = 

A[ U {B'i n (X\ TW)) for i = 1, ■ ■ ■ , fc. Clearly, a = [A^ : i = I,- ■ ■ ,k} 

is a partition of X and C Ui for alH = 1, ■ ■ ■ , /c. Hence a yU. 

For e and RcX,we define /?'ni? = {AnR : A e (3' and Ani? 
0}. From the construction of a, it is easy to see that D D = (3d-i and 

moreover, for each y eY, 

^ SUp(exp/Ar(x)) 

CGa^"MDn7r-i(y) 

= sup(exp/Ar(x)) (31) 

< J] sup(exp/^(x)) < Pn{T,TM,Y). 

Ce/3n7r-i(j/) ^''^'^ 

Let E = U^^Q^ T^D. Then fi{E) >1-S. Fix n > iV, and let Gn = {x e 
X ■■ I YJ::^ Ie{T'x) >l-V5}. Since 

MG'„) + (1- v^)(l-/i(G„)) 

!> -. 71—1 „ ^ n—1 

•JGn ^ j=Q JX\G„ j^Q 

n-1 

= > 1 - 5, 

we have 

> 1 - 75. (32) 

For each x G G„, let ^^(x) = {i G {0, 1, ■ ■ ■ , n — 1} : T'x G -D} and 
f/„(x) = {i G {0, 1,-- - ,n - 1} : T'x G ^}. Note that for any x G X 
and 2 G Z, if G -E then there exists a j G {0, 1, ■ ■ ■ ,N— 1} such that 
T^~^x G D. Using this fact, it is not hard to see that for each x G Gn, 

N-l 

Unix) C |J(^„(x)+j)U{0,l,--- ,iV-l}. 

j=0 
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Since for each x G G„, \Un{x) \ = Y17=o ^eOT^x > 1— v^, we have |{0, 1, ■ ■ ■ ,n- 
1}\Un{x)\ < n\/5. Therefore, for each x E Gn, 

N-l 

\{0,1,--- ,n-l}\\J{Sr.{x)+j)\ 

j=0 

<|{0,1,--- ,iV-l}U{0,l,-- - 

<ny^ + N. (33) 

Let JF„ = {Sn{x) : x G Gn}- Since for each F G F fl (F + i) = 0, i = 
1, • • ■ , iV - 1, we have |F| < f + 1. Hence 

°" n\ n\ n\ 



A^ < > ^ -r^ tt: < an — 7—f - ^' 

an\-[n-an)\ an'- ■ {n - an}'. 

where a„ = [-^J + 1. By Stirhng's formulation and the second inequahty in 
(28), we have 

1 n' 1 111 

hm - log(n— — -) = -(1 - — ) log(l - — ) - — log — < e. 

n-*oo n a„! ■ (n — a„)! A* i\ i\ i\ 

Hence we have 

1 In! 
limsup — log < lim — logn — ; — — < e. (34) 

For each F G let Bp = {x E Gn '- Sn{x) = F}. Clearly, {BF}Fe:F„ forms 
a partition of G„. 

For each F G F = {si < S2 < ■ ■ ■ < s/}, let Hp = {0, 1, ■ ■ ■ ,n — 
l}\[j^Jo\F + i). It follows from (33) that / < f + 1, \Hf\ < nVd + N. More- 
over, for each y eY, using (31) and the facts that |a| = k, P/v(T, J^,U, Y) > 

1, BpCGnH nU and fn{x) < E •=! fN{T^^x) + Y.r^H, h{T^ 

have 



^ sup(exp/„(x)) 



Ceao"^nBFn7r-i(i/) 



< ^ sup(exp/„(x)) 



32 



sup(exp/„(x)) 



= ^ sup(exp/„(x)) 



reHp 



< Yl sup(exp(5^/^(T^^x))) 



C6V' = iT-''^(<-M£))n7r-l(y) J = l 



^ sup (exp ( ^ /i (T'^x) ) ) 



< n ( E sup(exp(/;v(T^^x)))) 



xGC 

i=i CGT-''i(a^-inZ))n7r-i{y) 



n ( E sup(expA(T^x))) 



= n ( E sup(exp(/jv(x)))) ■ (^sup(exp/i(x))) 

< (P^(T,^,W,r))' ■ (A;-ell^^")l^-l (by (31)) 

< {Pn{T,J^,U, F))^+i ■ {k ■ ell^ill)"^+^ 



Summing this result over all F G yields that 
E E sup(exp/„(x)) 

^6^- c&a'S-^nBpn^-Hy) ""^^ (35) 

< ■ P;v(T, ^, W, F))^+^ ■ (A: ■ ell^ill)"^+^. 

Let = Jy l^ydi^iy) be the disintegration of /i over vr/i = i/. Choose the 
measures Hy G A1(X) such that fiy{7i~^ (y)) = 1 for each y ^ Y. For each 
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F & Tr,, we have 



H^ia"^-' n Bf\Y) + f fndfi 

J Bp 

= / H^^ia^^-^ n BF)du{y) + / / fnd^iydv{y) 

Jy Jy J Bp 

= [ {H,^{ar'nBF)+ I f^df^y) 

J J Bp 

< V iXy{C){supfn{x) -log iXy{C))du{y). 

Jy , — x&c 

Since /i(X\G'„) < V6 and n {X\Gn) \ < A;", we have 

H,{a^-'n{X\Gn)\Y)+ [ Udfi 

Jx\G„ 

= f H,^{at'n{X\Gn))du{y)+ ! [ fndiiydu{y) 

JY JY JX\Gn 

= [ (if,^K"'n(x\GO)+ / f^d^^y) 

JY JX\G„ 

I ( E -f^y{C')logf,y{C') + f,y{X\G„).\\fJ)du{y) 



(36) 



< 



<l-i E .,(C0).o. 

+ fiy{X\Gn)-\\fn\\)du{y) 

{- fIy{X\G^) log fIy{X\Gn) 



+ fiy{X\Gn){log\a-,-' n + \\fn\\))diy{y) 

< j -fiy{X\Gn) log fiy{X\G^)du{y) + v^(log r + ||/,,||) 

(37) 

Let 7 = {EfIfs^,, U {X\Gn}. Then by (35), (36), (37) and Lemma 21, 
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we have 



Jx Jx 



Bp 

+ n {X\Gn)\Y) + / fndfi) 

JX\Gn 

< / ( E E /i,(C)(sup/.(x)-log/.,(C)) 

- fiy{X\Gn){0 - \ogfiy{X\Gn)))du{y) + v^(logr + \\U 
/ log ( XI e""P-ec/nW + e'"P-6^\GnO)(ii,(y) 



< 



+ nv^(logA; + ^) 
n 

<n(6„ + v^(logA;+||/i||)), 

(38) 

where 6„ = i log (| J-^l • Pn{T, J^,U, Y))^+^ ■ {k ■ ell^ill)"^+^ + l) . 
Hence, by (28), (29), (34) and (38), we have 

h;{T,U\y) + f^i^) < K{T, a\Y) + /i(^) 
= hm -(i^^(a^^|F) + [ fnd^i) < hmsup6„ + v^(logA; + 

n^oo n Jx n-*oo 

= hm sup - ( log I + ( - + 1) log Pn (T, ^, W, F) ) 

+ inVS + N) log(A;-el'^^l')) + v^(logA;+ ll/ill) 
= limsup - log I + ^Pn{T, TM, Y) + v^(log A; + ||/i|| + log(A; ■ e"^^")) 

<^PN{T,J^,U,Y) + 2e 
<P{T, ^,W|y) + 3e. 

Since e > is arbitrary, then the proof of Theorem 5 is completed. 
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For T = {0}, by Theorem 4 and 5, we have h+{T,U\Y) = h^{T,U\y) for 
the invertible TDS. Moreover, if (Y, S) is the trivial system, then h^{T^hl) = 
h^{T,U). These results were shown in [13], [16] and [17]. 
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